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I study a stochastic approach for warm inflation considering back - reaction of the metric with
the fluctuations of matter eld. This formalism takes into account the local inhomogeneities of the
spacetime in a globally flat Friedmann - Robertson - Walker metric. The stochastic equations for
the fluctuations of the matter eld and metric are obtained. Finally, the dynamics for the amplitude
of these fluctuations in a power - law expansion for the universe are examined.
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Recently, Berera and Fang [1] showed how thermal fluctuations may play the dominant role in producing the initial
perturbations during inflation. They invoked slow - roll conditions. This ingenious idea was extended in some papers
[2] into the warm inflation scenario. This scenario served as an explicit demonstration that inflation can occur in
presence of a thermal component. However, the radiation energy density r must be small with respect to the matter
energy density ’. More exactly, the kinetic component of the energy density (kin) must be small with respect to
the vacuum energy density.
An alternative formalism for warm inflation was developed in previous works [3]. However, in these works is not
taken into account the back - reaction of the metric with the fluctuations of the matter eld. The aim of this letter
is to include the back - reaction of the metric in the formalism previously developed in [3]. In the warm inflation
scenario the kinetic energy density (kin) is small with respect to the vacuum energy, which is given by the density
of potential energy V (’)
(’)  m  V (’)  kin:
where kin = r(’) + 12 _’





is the radiation energy density. Here, (’) and H(’) are the ’ - dependent friction and Hubble parameters.
The density Lagrangian that describes the warm inflation scenario is








g’;’; + V (’)

+ Lint: (2)
Here, R is the scalar curvature, g is the metric tensor and g is the metric. The Lagrangian Lint takes into account
the interaction of the eld ’ with other particles of the thermal bath. The interaction of ’ with the thermal bath is
represented as a friction parameter in eq. (1). All particlelike matter which existed before inflation would have been
dispersed by inflation. If the thermal bath is suciently large, it will act as a heat reservoir which induces fluctuations
on the inflaton eld. In warm inflation the mean temperature of this bath (Tra), must be smaller than the Grand




As in previous works [4,5], I consider a semiclassical expansion for the scalar eld ’(~x; t): ’(~x; t) = c(t) + (~x; t).
Here, < Ej’jE >= c(t) is the expectation value of the operator ’ in an arbitrary state jE >. Furthermore, one
requires that < Ej(~x; t)jE > = < Ej _(~x; t)jE >= 0. To consider the quantum fluctuations of the metric, one takes
into account a quantum perturbed flat Friedmann - Robertson - Walker (FRW) metric ds2 = −dt2 + A2(~x; t)d~x2
where A(~x; t) is a perturbed scale factor of the universe: A(~x; t) = ao e
R
H[’(~x;t)] dt.






Hc + H 0. With this expansion for H(’) one obtains the expression for the quantum fluctuations of the metric
h(~x; t) ’ 2 R t dt0H 0 (~x; t0) (for small values of h), for the metric ds2 = −dt2 + a2(t) [1 + h(~x; t)] d~x2. Due to
< Ejh(~x; t)jE >= 0, the expectation value for the metric < Ejds2jE >= −dt2 + a2(t)d~x2 gives a globally flat FRW
metric.
The quantum equation of motion for the operator ’ is
’¨− 1
< EjAjE >2r
2’ + [3H(’) + (’)] _’ + V 0(’) = 0; (3)
where < EjA(~x; t)jE >2= a2(t) for A2(~x; t) ’ a2(t) [1 + h(~x; t)]. The semiclassical Friedmann equation for a globally
flat FRW metric is 〈
EjH2(’)jE = 8
3M2p
hEjm(’) + r(’)jEi ; (4)















The ’ dependent parameter (’) describes the spatially inhomogeneous friction during the expansion. This friction
becomes from the interaction of the matter eld with the elds of the thermal bath. The following procedure consist
in equating the eqs. (3) and (4) at same order in  to obtain the dynamics of the system, once one makes the
semiclassical expansions:
’ = c + ; (7)
H(’) = Hc(c) + H 0; (8)
(’) = c(c) +  0; (9)
V (’) = V (c) + V 0 + 1=2V 002; (10)
V 0(’) = V 0(c) + V 00 + 1=2V 0002: (11)
We consider the eq. (3) at zero, rst and second order in . These equations with (’) = γH(’) [i.e., for c(c) =
γHc(c) and  0(c) = γH 0(c)] are
¨c + 3Hc(c)[1 + γ=3] _c + V 0(c) = 0; (12)
¨− 1
a2
r2 + 3Hc [1 + γ=3] _ +
h
3H 0 (1 + γ=3) _c + V 00
i
 = 0; (13)
3H 0 (1 + γ=3) _ + V 0002 = 0; (14)
where γ is a dimensionless constant which is a parameter of the theory. For γ = 0 one recovers the standard inflation
scenario where the bath is with zero temperature [5]. In this case the Lagrangian Lint in (2) can be neglected. The
particular choice c = γHc for the friction parameter, becomes from the requirement that the interaction of the
matter eld with the particles of the bath must decrease with time for the thermodynamic equilibrium holds at the









< 0, the thermodynamic equilibrium is garantized with the
choice c = γHc. A more general study for the back - reaction of the metric with the matter eld fluctuations will be
developed in a further work [6].










_2c + 2V (c)
i
; (15)
hHcH 0i = 43M2p
D






















The eq. (17) gives the eective curvature (K) of spacetime due to the back - reaction of the metric with the fluctuations
of the matter eld. Note that this curvature depends on the constant γ (i.e., depends on the friction parameter c).




























−1 and (14), is
¨− 1
a2




















(4V 0 − 3M2p H 0cHc)
; (20)
and H 0c  ddc Hc(c). One can redene the quantum fluctuations with the map  = e
1=2
R













































where k(~x; t) = k(t)ei
~k:~x, hk(~x; t) = ~k(t)ei





R(t0)dt0 dt. Furthermore ak and






= (3)(k − k0). The com-
mutation relation between  and _ is [(~x; t); _(~x0; t)] = i(3)(~x − ~x0), and thus one obtains
h


















To study the matter and metric fluctuations we can separate the spectrum in both, the ultraviolet (UV) (k > ko)
and the infrared (IR) (k < ko) sectors (where   1 is a dimensionless constant). In the IR sector both, (~x; t) and
h(~x; t) are classical, while in the UV sector they are quantized. Since ¨k − k
2
o
a2 k ’ 0, in the IR sector the classical















































d3k (ko − k)
h


















  1 [5]), we can neglect the noise  with respect to the another noise () in (24) and
the stochastic equation of motion for the coarse - grained eld that describes the fluctuations of the metric in the IR















u +  _ko
i
; (28)

















On the other hand, the quantum stochastic equation that determines the dynamics of the quantum fluctuations of
the matter eld S in the UV sector [where it is valid the equation for the time dependent modes ¨k+a−2[k2−k2o(t)]k =














































d3k (k − ko)
h







Now we consider the special case of a power - law expansion of the universe for which a  (t=to)p and Hc(t) = p=t.














(1 + γ=4)(1 + γ=3)−2
!
: (34)




















where H(1) and H
(2)
 are the rst and second species Hankel functions and  = 12(p−1)
p
1 + 4K2(γ; p). We choose























where e denotes the exponential number. From the commutation condition [(~x; t); _(~x0; t)] = 1(2)3
R
d3k (k _k −
_kk) e












































which are complex functions. The function that denes the transformation  = e1=2
R
R(t)dt is
R(t) = p t−1
"






























with M = 2p
h








. Note for M > =2(p − 1) + 3=2p − 1 the amplitude
for the fluctuations of the metric in the IR sector decreases with time, but for M < =2(p − 1) + 3=2p − 1 these
fluctuations increases. The squared amplitude for the fluctuations of the matter eld go as < 2cg >< h2cg >.









m N(Tra)(1 + γ=3)
1=4
; (40)
where N(Tra) is the number of relativistic degrees of freedom at temperature Tra (at the end of inflation). For
N(Tra) = 103 and Ho ’ m one obtains the cuto TreMp < 10−5 for γ < 10−15. In this framework the constant γ can
be interpreted as a eective coupling constant due to the interaction between the inflaton and the particles of the
thermal bath.
Finiteness in the UV sector is achieved by imposing a cuto at the horizon scale (k  p=t). Here, the amplitude
for the fluctuations of the matter eld decreases for M > (p− 2) + 2 and  > 3=2, due to 〈h2S  t2(p−2)−2M+4.
In this letter I have studied a stochastic approach to the Warm Inflation scenario considering back - reaction of
the metric due to the fluctuations of the matter eld (~x; t). In this theory the classical matter eld < Ej’jE >= c
lead to the expansion of the universe, while the fluctuations of the matter eld generate an eective curvature (K),
on the background flat FRW metric [see eq. (17)]. However, global curvature of the spacetime is zero, due to
< Ejh(~x; t)jE >= 0. In this framework the early universe is understood as expanding regions of the universe with
locally dierent rate of expansion H(’) ’ Hc(c)+H 0(c)(~x; t), but with expectation value < EjH(’)jE >= Hc(c).
To summarize, second order stochastic equations for the fluctuations of the matter eld in both, the IR and UV
sectors, were obtained. Also, a second order stochastic equation for the fluctuations of the metric in the IR sector was
founded. Furthermore, a new second order quantum stochastic equation for the matter eld fluctuations in the UV
sector was founded [see eq. (29)]. The evolution for the fluctuations of the matter eld depends on the evolution of
the superhorizon and the scale factor, which depends on the friction parameter that describes the interaction of the
matter eld with the elds in the thermal bath. I nd that the amplitudes of both, the matter and metric fluctuations
decreases with time in the IR sector (for p > 1 and γ  1). This implies that the eects on the now observational
scales should be a soft disturbed flat FRW spacetime. Such fluctuations should be explained by the quadrupole
anisotropy amplitude in the cosmic background radiation spectrum. However, this topic is beyond the scope of this
letter.
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